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1 Deriving the WK optimal filter results for the multi-level cascade without feedback

1.1 Mapping the system onto a noise filter
The starting point for the derivation is the system of equations in main text Eq. (9), with q1 = 0 in the absence of
feedback:

3

3C
XG0(C) = −W0XG0(C) +=0(C),

3

3C
XG8 (C) = −W8XG8 (C) +f81XG8−1(C) +=8 (C), 8 > 0,

(S1)

where the Gaussian noise functions satisfy 〈=8 (C)= 9 (C ′)〉 = 2X8 9W8 Ḡ8X(C− C ′). Taking the Fourier transform of Eq. (S1),
we can solve the system of equations for the fluctuation functions XG8 (l) in Fourier space,

XG0(l) =
=0(l)
W0− 8l

,

XG 9 (l) =
1

W 9 − 8l
(
f91XG 9−1(l) += 9 (l)

)
, 9 > 0,

(S2)
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with 5 (l) denoting the Fourier transform of a function 5 (C). Iteratively plugging the result for XG 9−1(l) into the
XG 9 (l) equation, starting from 9 = 1, we can solve Eq. (S2) to get the following expressions for the Fourier space
input and output fluctuations:

XG0(l) =
=0(l)
W0− 8l

,

XG# (l) =
©­«
#∏
9=1

f91

W 9 − 8l
ª®¬
XG0(l) +

#∑
9=1
= 9 (l)

9−1∏
:=1

W: − 8l
f91f:1

 .
(S3)

Let us compare the result for XG# (l) to the Fourier transform of main text Eq. (10), the noise filter convolution
integral:

B̃(l) = � (l) (B(l) +=(l)). (S4)

We can make a mapping of the system to a linear noise filter with the following choice of estimate, signal, noise, and
filter function:

B̃(l) = XG# (l), B(l) = XG0(l), =(l) =
#∑
9=1
= 9 (l)

9−1∏
:=1

W: − 8l
f91f:1

, � (l) =
#∏
9=1

f91

W 9 − 8l
. (S5)

1.2 Concise overview of WK optimal filter theory
To apply WK theory to our problem, let us summarize its main results (see Ref. 1 for a more detailed review). Given a
Fourier-transformed signal and noise functions B(l) and =(l), let us denote the corresponding power spectra %B (l)
and %= (l). The spectra are defined through the relation 〈 5 (l) 5 (l′)〉 = 2c% 5 (l)X(l+l′), where 5 = B or =. For
the signal corrupted by noise, H(l) ≡ B(l) +=(l), the corresponding power spectrum is %H (l) = %B (l) +%= (l) if
the noise is uncorrelated with the signal. This is indeed the case, since the Gaussian noise functions = 9 (l) in Eq. (S5)
that contribute to =(l) are uncorrelated with =0(l), the function that enters into the signal XG0(l) in Eq. (S3).

Once %B (l) and %B (l) are specified, one can find a corresponding optimal filter function �WK(l). Optimality
here means that the time-domain function �WK(C), plugged into the convolution integral of main text Eq. (10),
minimizes the error n (B(C), B̃(C)) between the estimate and signal defined in main text Eq. (11). In Fourier space the
optimal filter takes the following form if signal and noise are uncorrelated2:

�WK(l) =
1

%+H (l)

{
%B (l)
(%+H (l))∗

}
+
. (S6)

The + superscripts and subscripts denote two types of causal decompositions. For example, the function %+H (l) is
defined via %H (l) = |%+H (l) |2, where the factor %+H (l) is chosen such that it has no zeros or poles in the upper half-
plane. This decomposition always exists for all the physical power spectrawe encounter in signaling contexts. The other
decomposition, denoted by {� (l)}+ for a function � (l), can be calculated from {� (l)}+ ≡ F [Θ(C)F −1 [� (l)]].
Here F [ 5 (C)] indicates the Fourier transform of a function 5 (C), F −1 the inverse Fourier transform, and Θ(C) is a
unit step function3. In practice, it is often convenient to calculate it through an alternative method: doing a partial
fraction expansion of � (l) and keeping only those terms with no poles in the upper half-plane.

To find the lower bound on n , we inverse Fourier transform �WK(l) back to the time domain. The minimum
error �WK can then be expressed compactly in the following form, which is convenient for calculations:

�WK = 1− 1
�B (0)

∫ ∞

0
3C�WK(C)�B (C), (S7)

where �B (C) = F −1 [%B (l)] is the signal autocorrelation function, given by the inverse Fourier transform of its power
spectrum.
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1.3 Calculating the optimal filter function �WK
Given Eqs. (S3), (S6), and the properties of the Gaussian noise functions = 9 (C), which in Fourier space satisfy
〈=8 (l)= 9 (l)〉 = 4cX8 9W8 Ḡ8X(C − C ′), the power spectra for the signal and noise can be written as:

%B (l) =
2�

l2 +W2
0
, (S8a)

%= (l) =
2�
W2

0

#∑
9=1

1
Λ 9

[
9−1∏
:=1

(l2 +W2
:
)

W0W:Λ:

]
. (S8b)

Here we have used the facts that Ḡ0 = �/W0, Ḡ8 = f80/W8 for 8 > 0, and have introduced the dimensionless constants
Λ 9 ≡ Ḡ 9−1f

2
91/(f90W0). Summing %B (l) and %= (l), we can write %H (l) in the form:

%H (l) =
2�

W2
0 (l2 +W2

0)
�(8l), (S9)

where �(_) is the polynomial from main text Eq. (14),

�(_) = W2
0 +

#∑
9=1
W

2− 9
0

9∏
:=1

W2
:−1−_

2

W:−1Λ:
. (S10)

This is a polynomial of degree 2# in _, and hence has 2# roots. Because the coefficients of _ in the polynomial
are real, the conjugate of any complex root must also be a root. Finally, because only even powers of _ appear in
�(_), the negative of a root is also a root. Putting all these facts together ensures that there will always be # roots
_ 9 where Re(_ 9) > 0, and the other # roots are just −_ 9 . Moreover, among the set of _ 9 , any complex roots come
in conjugate pairs. This guarantees that the expression for �WK in main text Eq. (13) is always real. Note that the
choice of ordering of the roots _ 9 , 9 = 1, . . . , # is arbitrary, since it does not affect the result. Taking all this into
account, we can factor �(8l) in the following way:

�(8l) = W2
0

(
#∏
:=1

1
W0W:−1Λ:

) 
#∏
9=1
(l+ 8_ 9)



#∏
9=1
(l− 8_ 9)

 . (S11)

Since l = −8_ 9 for 9 = 1, . . . , # are all the zeros of �(8l) in the complex lower half plane, this enables us to write
down the decomposition %H (l) = %+H (l) (%+H (l))∗ where

%+H (l) =
√
 

l+ 8W0

#∏
9=1
(l+ 8_ 9), (S12a)

(%+H (l))∗ =
√
 

l− 8W0

#∏
9=1
(l− 8_ 9), (S12b)

and

 = 2�
#∏
:=1

1
W0W:−1Λ:

. (S13)

Continuing with the calculation of �WK(l), we see that:

%B (l)
(%+H (l))∗

=
2�

√
 (l+ 8W0)

#∏
9=1

1
l− 8_ 9

. (S14)
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The quantity
{
%B (l)
(%+H (l))∗

}
+
is computed from taking the causal part of the partial fraction decomposition of Eq. (S14).

Because the only causal pole (pole in the lower half plane) of Eq. (S14) is −8W0, all other terms in the decomposition
are dropped, yielding:{

%B (l)
(%+H (l))∗

}
+
=

2�8#

�
√
 (l+ 8W0)

, (S15)

where � =
∏#
9=1(W0 +_ 9). Finally, we can divide this result by %+H (l), following Eq. (S6), giving us the optimal

filter:

�WK(l) =
2�8#

� 

#∏
9=1

1
l+ 8_ 9

=
2�
� 

#∏
9=1

8

l+ 8_ 9

=
2�
� 

#∏
9=1

1
_ 9 − 8l

.

(S16)

Plugging in the definitions of � and  , we can rewrite the prefactor to get the final form for the optimal filter function:

�WK(l) =
#∏
:=1

W0W:−1Λ:
(W0 +_:) (_: − 8l)

. (S17)

1.4 Calculating the optimal error �WK
To calculate �WK from Eq. (S7), we first take the inverse Fourier transform of �WK(l) from Eq. (S17), which gives
a sum of exponentials in the time domain,

�WK(C) = Θ(C)
©­«
#∏
9=1

W0W 9−1Λ 9

(W0 +_ 9)
ª®¬
[
(−1)#−1

#∑
:=1

4−_: C
∏
<≠:

1
_: −_<

]
. (S18)

Using the fact that �B (C) = F −1 [%B (l)] = Ḡ0 exp(−W0 |C |), we can evaluate the integral in Eq. (S7) to find

�WK = 1− ©­«
#∏
9=1

W0W 9−1Λ 9

(W0 +_ 9)
ª®¬
[
(−1)#−1

#∑
:=1

1
W0 +_:

∏
<≠:

1
_: −_<

]
. (S19)

Reversing the partial fraction decomposition,

#∏
:=1

1
H +_:

=

#∑
:=1

1
H +_:

∏
<≠:

1
_<−_:

= (−1)#−1
#∑
:=1

1
H +_:

∏
<≠:

1
_: −_<

,

(S20)

with H = W0, the error reduces to the value in main text Eq. (13):

�WK = 1−
#∏
9=1

W0W 9−1Λ 9

(W0 +_ 9)2
. (S21)
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1.5 Conditions under which the system can achieve WK optimality
In order for the system to attain � = �WK, the parameters must be tuned such that � (l) ∝ �WK(l), where � (l)
and �opt(l) are given by Eqs. (S5) and (S17) respectively. Comparing the two functions, we see that they are
proportional to one another when _ 9 = W 9 for all 9 = 1, . . . , # . Satisfying this condition actually requires a certain
relationship between the different per-capita deactivation rates W 9 and the Λ 9 parameters.

To see this, let us first denote �# (_) as the polynomial from Eq. (S10) for a particular value of # . The explicit
forms of the polynomials for the first few values of # are as follows:

�1(_) = W2
0 +

W2
0 −_

2

Λ1
,

�2(_) = W2
0 +

W2
0 −_

2

Λ1
+
(W2

0 −_
2) (W2

1 −_
2)

W0W1Λ1Λ2
,

�3(_) = W2
0 +

W2
0 −_

2

Λ1
+
(W2

0 −_
2) (W2

1 −_
2)

W0W1Λ1Λ2
+
(W2

0 −_
2) (W2

1 −_
2) (W2

2 −_
2)

W2
0W1W2Λ1Λ2Λ3

.

(S22)

Consider the # = 1 system. There is one root _1 with a positive real part, and we set it to _1 = W1 to satisfy the
condition. This requires that �1(W1) = 0, which occurs when W1 = W0

√
1+Λ1. Interestingly, this same value of W1

will also be a root for all higher polynomials # > 1. Because the additional terms in the higher polynomials all
contain a (W2

1 −_
2) factor, we see that �# (W1) = �1(W1) = 0 for # > 1.

Thus �2(_) has one root _1 = W1 = W0
√

1+Λ1 that we have already found, and a new root _2 = W2 whose value
we need to determine. This will be true iteratively at every higher value of #: the first # − 1 roots _ 9 = W 9 ,
9 = 1, . . . , # −1, will be the same roots as for �#−1(_), and there will one new root _# = W# . This follows from the
structure of the �# (_) polynomials, where

�# (W 9) = � 9 (W 9) = 0 for # > 9 . (S23)

We can find all the higher roots by induction. Let us assume that we have already found the values of _ 9 = W 9 for
9 = 1, . . . , # −1 and are interested in finding _# = W# . The known roots allow us to completely factor �#−1(_), and
from the definition of the polynomials in Eq. (S10) that factorization has to take the form:

�#−1(_) = W2
0

#−1∏
9=1

(W2
9
−_2)

W0W 9−1Λ 9
. (S24)

Note that we know the overall prefactor in the factorization above from the prefactor of the highest power _2(#−1) in
the definition of �#−1(_). Turning to �# (_), we can write this polynomial as �#−1(_) plus an added term,

�# (_) = �#−1(_) +
W0(W2

0 −_
2)

W#−1Λ#

#−1∏
9=1

(W2
9
−_2)

W0W 9−1Λ 9
. (S25)

Comparing Eq. (S25) to Eq. (S24), we see that

�# (_) = �#−1(_) +
(W2

0 −_
2)

W0W#−1Λ#
�#−1(_)

= �#−1(_)
[
1+
(W2

0 −_
2)

W0W#−1Λ#

]
.

(S26)

Setting the factor in the brackets to zero allows us to find the new root _# = W# in terms of the previous root W#−1,

W# = W0

√
1+ W#−1

W0
Λ# . (S27)
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Starting from the known value of W1 = W0
√

1+Λ1, we can iteratively use Eq. (S27) to find all the higher roots. The
solutions are the nested radical forms shown in main text Eq. (17),

W1 = W0
√

1+Λ1, W2 = W0

√
1+

√
1+Λ1Λ2, W3 = W0

√
1+

√
1+

√
1+Λ1Λ2Λ3, . . . . (S28)

When these conditions are satisfied, the expression for �WK simplifies to the form in main text Eq. (18),

�WK = 1−
#∏
8=1

ℓ8

(1+
√

1+ ℓ8)2
, (S29)

where ℓ8 = W8−1/Λ8/W0.

2 Deriving the WK optimal filter results for the multi-level cascade with feedback

2.1 Mapping the system onto a noise filter, finding the WK filter function and bound
The feedback derivation starts with main text Eq. (9), but with the q1 term present:

3

3C
XG0(C) = −W0XG0(C) −q1XG# (C) +=0(C),

3

3C
XG8 (C) = −W8XG8 (C) +f81XG8−1(C) +=8 (C), 8 > 0,

(S30)

The noise filter mapping is qualitatively different from the no feedback case, taking the form of main text Eq. (19),

B(C) ≡ XG0(C) |q=0, B̃(C) = XG0(C) |q=0− XG0(C). (S31)

We know the XG0(C) |q=0 solution in Fourier space already, having calculated it in Eq. (S3),

B(l) = XG0(l) |q0 =
=0(l)
W0− 8l

. (S32)

We can manipulate the Fourier space counterpart of Eq. (S30) to relate B̃(l) to B(l) through a noise filter equation,

B̃(l) = � (l) (B(l) +=(l)), (S33)

where

=(l) =
#∑
9=1
= 9 (l)

9−1∏
:=1

W: − 8l
f91f:1

, � (l) =
q1

∏#
9=1f91∏#

9=0(W 9 − 8l) +q1
∏#
9=1f91

. (S34)

Comparing to Eq. (S5), we see that B(l) and =(l) in this mapping are exactly the same as in the no feedback case.
Hence %B (l) and %= (l) are the same, which means the calculation of �WK and �WK is unchanged. The result for
�WK in Eq. (S21) serves as a lower bound for the error n .

2.2 Conditions under which the system can achieve WK optimality
Comparing � (l) from Eq. (S34) and �WK(l) from Eq. (S17), one sees that achieving � (l) = �WK(l), and hence
n = �WK, is non-trivial. However there is one scenario where this can be approximately fulfilled. We will show that
in a certain limit the #-level feedback system effectively behaves like an # = 1 level system with an effective Λ1
parameter. Note that the # = 1 version of %= (l) from Eq. (S8b) looks like:

%= (l) =
2�
W2

0Λ1
. (S35)
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Let us now consider an #-level system where W 9 � W0 for 9 > 0. The main frequency scale in the system is set by the
input signal, which has characteristic frequency W0, so typical frequencies l that are relevant to the system behavior
all share the property that l� W 9 for 9 > 0. If we use this simplification in Eq. (S8b), the noise power spectrum can
be approximated as:

%= (l) ≈
2�
W2

0

#∑
9=1

1
Λ 9

[
9−1∏
:=1

W:

W0Λ:

]
. (S36)

Comparing Eq. (S35) to Eq. (S36), we note that the multi-stage noise power spectrum is approximately the same
form as for an # = 1 system, except with Λ1 replaced by an effective parameter Λeff given by:

Λeff =
©­«
#∑
9=1

1
Λ 9

[
9−1∏
:=1

W:

W0Λ:

]ª®¬
−1

. (S37)

For the special case where the production functions ' 9 (G 9−1) = f91G 9−1, and hence f91 = f90/Ḡ 9−1 for 9 > 0, the
expression for Λeff simplifies to the result shown in main text Eq. (22):

Λeff =
1
�


#∑
9=1

1
f90


−1

. (S38)

The corresponding # = 1 optimal filter �WK(l) from Eq. (S17), with Λeff instead of Λ1, can be expressed as:

�WK(l) =
W0(
√

1+Λeff−1)
W0
√

1+Λeff− 8l
. (S39)

Here we have used the fact that _1 = W0
√

1+Λ1 is the root for �1(_) from Eq. (S22), and substituted in Λeff.
Let us now write � (l) from Eq. (S34) using the approximation l� W 9 for 9 > 0,

� (l) ≈
q1

∏#
9=1f91

(W0− 8l)
∏#
9=1 W 9 +q1

∏#
9=1f91

. (S40)

We can thus approximately have � (l) ≈ �WK(l) from Eq. (S39) when the feedback strength is tuned to the value
from main text Eq. (21),

q1 = W0(
√

1+Λeff−1)
#∏
9=1

W 9

f91
, (S41)

which then ensures that n ≈ �WK, with the latter having the # = 1 form,

�WK =
2

1+
√

1+Λeff
. (S42)

3 Exact error calculation in the nonlinear cascade without feedback
This section fills in the details of the calculation that transforms main text Eq. (37), a relation for the generating
function �x̂ (H) and its derivatives � (?)x̂ (H), into the recursion relation of main text Eq. (49). The ultimate goal is
to use the recursion relation to find the coefficients ` (?)n̂ in order to evaluate the exact error � given by main text
Eq. (48):

� = 1−
Ḡ0

(
`
(1)
0̂+ê0

)2

`
(2)
0̂
+ ` (1)

0̂
−

(
`
(1)
0̂

)2 . (S43)
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Recall the expansions defined in the main text for all the quantities of interest:

'8 (G8−1) =
∞∑
==0

f8=E= (G8−1; Ḡ8−1) for 8 > 0,

�
(?)
x̂ =

∑̂
n

`
(?)
n̂ En̂ (x̂; ˆ̄x),

(S44)

where

�
(?)
x̂ =

�
(?)
x̂ (1)
Π(x̂; ˆ̄x)

. (S45)

Here we use the multi-dimensional versions of the Poisson distributions and Poisson-Charlier polynomials,

Π(x̂; ˆ̄x) ≡ Π(G0; Ḡ0)Π(G1; Ḡ1) · · ·Π(G#−1; Ḡ#−1),
En̂ (x̂; ˆ̄x) ≡ E=0 (G0; Ḡ0)E=1 (G1; Ḡ1) · · ·E=#−1 (G#−1; Ḡ#−1).

(S46)

More details on the Poisson-Charlier polynomials can be found in the next section of the SI, which provides a brief
guide to their most useful properties.

Since we know the production functions '8 (G8−1) for our system of interest, we can easily find the coefficients
f8= in Eq. (S44), using main text Eq. (42). To derive the coefficients ` (?)n̂ , we start with the relation in main text
Eq. (37):

0 =
#−1∑
8=0

{
W8 [(G8 +1)� (?)x̂+ê8 (1) − G8�

(?)
x̂ (1)] +'8 (G8−1) [� (?)x̂−ê8 (1) −�

(?)
x̂ (1)]

}
− ?W#� (?)x̂ (1) + ?'# (G#−1)� (?−1)

x̂ (1).

(S47)

Using Eq. (S45) and the fact that Poisson distributions satisfy (G8 + 1)Π(G8 + 1; Ḡ8) = Ḡ8Π(G8; Ḡ8), we can rewrite
Eq. (S47) in terms of the � (?)x̂ functions:

0 =

{
#−1∑
8=0

W8 [Ḡ8� (?)x̂+ê8 − G8�
(?)
x̂ ] +'8 (G8−1) [G8 Ḡ−1

8 �
(?)
x̂−ê8 − �

(?)
x̂ ] − ?W# �

(?)
x̂ + ?'# (G#−1)� (?−1)

x̂

}
Π(x̂; ˆ̄x). (S48)

Let us introduce one more expansion, for products of the '8 (G8−1) and � (?)x̂ functions,

'8 (G8−1)� (?)x̂ =
∑̂
n

a
(?,8)
n̂ En̂ (x̂; ˆ̄x). (S49)

Because '8 (G8−1) and � (?)x̂ have their own individual expansions in terms of the Poisson-Charlier polynomials,
defined by Eq. (S44), the coefficients a (?,8)n̂ are entirely determined by the coefficients f8= and ` (?)n̂ of the individual
expansions. This relation, a property of the Poisson-Charlier polynomials, is explained in more detail in SI Sec. 4.5.
It takes the form:

a
(?,8)
n̂ =

∞∑
0,1=0

0+1≥=8−1
|0−1 | ≤=8−1

f80`
(?)
n̂+(1−=8−1) ê8−1

�01=8−1 (Ḡ8−1), (S50)

where �<=
:
(I) are polynomials defined in Eqs. (S66)-(S67).
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Let us define 〈 5 (x̂)〉 ˆ̄x =
∑

x̂ 5 (x̂)Π(x̂; ˆ̄x) as the average of a function 5 (x̂) with respect to Π(x̂; ˆ̄x). Using the
recursion relationships for Poisson-Charlier polynomials shown in Eq. (S64), one can prove the following useful
identities: 〈

En̂ (x̂; ˆ̄x)� (?)x̂

〉
ˆ̄x
= Zn̂ ( ˆ̄x)` (?)n̂ ,〈

En̂ (x̂; ˆ̄x)'8 (G8−1)� (?)x̂

〉
ˆ̄x
= Zn̂ ( ˆ̄x)a (?,8)n̂ ,〈

En̂ (x̂; ˆ̄x)G8'8 (G8−1)� (?)x̂−ê8

〉
ˆ̄x
= Zn̂ ( ˆ̄x)

[
a
(?,8)
n̂−ê8 + Ḡ8a

(?,8)
n̂

]
,〈

En̂ (x̂; ˆ̄x)� (?)x̂+ê8

〉
ˆ̄x
= Zn̂ ( ˆ̄x)

[
`
(?)
n̂ + (=8 +1)` (?)n̂+ê8

]
,〈

En̂ (x̂; ˆ̄x)G8� (?)x̂

〉
ˆ̄x
= Zn̂ ( ˆ̄x)

[
`
(?)
n̂−ê8 + (=8 + Ḡ8)`

(?)
n̂ + (=8 +1)Ḡ8` (?)n̂+ê8

]
,〈

En̂ (x̂; ˆ̄x)G8� (?)x̂−ê8

〉
ˆ̄x
= Zn̂ ( ˆ̄x)

[
`
(?)
n̂−ê8 + Ḡ8`

(?)
n̂

]
,

(S51)

where Zn̂ ( ˆ̄x) ≡
∏#−1
8=0 =8!Ḡ=8 . By multiplying Eq. (S48) by En̂ (x̂; ˆ̄x) and summing over x̂, we can use the above

averages to obtain the following relation:

0 = −=0W0`
(?)
n̂ +

#−1∑
8=1

(
−W8` (?)n̂−ê8 −=8W8`

(?)
n̂ + Ḡ

−1
8 a
(?,8)
n̂−ê8

)
− ?W# ` (?)n̂ + ?a

(?−1,8)
n̂ . (S52)

We can rearrange this obtain the recursion relation in main text Eq. (49),

`
(?)
n̂ =

?a
(?−1,# )
n̂ +∑#−1

8=1

(
Ḡ−1
8
a
(?,8)
n̂−ê8 −W8`

(?)
n̂−ê8

)
?W# +

∑#−1
8=0 =8W8

. (S53)

This relation, together with ` (0)
0̂
= 1 which we know from the normalization property

∑
x̂ �x̂ (1) = 1, is sufficient for

us to calculate any coefficient ` (?)n̂ of interest.

4 Properties of the Poisson-Charlier polynomials

4.1 Definition of the polynomials
In this section, we summarize some properties of the polynomials E= (G; Ḡ) used in our analytical expansion approach
for calculating moments of master equations. These are variants of Poisson-Charlier (PC) polynomials4,5, 2= (G; Ḡ),
related by a trivial factor to the standard PC definition:

E= (G; Ḡ) = (−Ḡ)=2= (G; Ḡ). (S54)

The =th function E= (G; Ḡ) is a polynomial in G of degree =, depending on the parameter Ḡ. It is defined as follows:

E= (G; Ḡ) =
=∑
<=0

(
=

<

)
(−Ḡ)< (G)=−<. (S55)

Here (G): ≡ G(G−1) · · · (G− : +1) = :!
(G
:

)
is the :th falling factorial of G, with (G)0 ≡ 1. The first few polynomials

are given by:

E0(G; Ḡ) = 1, E1(G; Ḡ) = G− Ḡ, E2(G; Ḡ) = (G− Ḡ)2− G,
E3(G; Ḡ) = (G− Ḡ)3−3G(G− Ḡ) +2G.

(S56)

These E= (G; Ḡ) appear in a variety of master equation expansion approaches, for example the spectral method of
Refs. 6,7. In fact, E= (G; Ḡ) = =!〈=|G〉, where 〈=|G〉 is the mixed product defined in Eq. A8 of Ref. 6 (with Ḡ substituted
for the rate parameter 6).
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4.2 Orthogonality with respect to the Poisson distribution
One of the convenient properties of these polynomials is that they have simple averages with respect to the Poisson
distribution,

Π(G; Ḡ) = Ḡ
G4−Ḡ

G!
, (S57)

where G is a non-negative integer, and Ḡ is the parameter that defines the mean of the distribution, so that
Ḡ =

∑∞
G=0 GΠ(G; Ḡ). Let us denote the average of a function 5 (G) with respect to the Poisson distribution Π(G; Ḡ) in

the following way:

〈 5 (G)〉Ḡ ≡
∞∑
G=0

5 (G)Π(G; Ḡ). (S58)

Then the polynomials of Eq. (S55) satisfy the following orthogonality relationship8,9:

〈E=′ (G; Ḡ)E= (G; Ḡ)〉Ḡ = =!Ḡ=X=′,=. (S59)

Since E0(G; Ḡ) = 1, a special case of Eq. (S59) when =′ = 0 gives an expression for the mean:

〈E= (G; Ḡ)〉Ḡ = X=0. (S60)

4.3 Using the polynomials as a basis for function expansions
The polynomials form a basis in which one can expand arbitrary functions of populations 5 (G),

5 (G) =
∞∑
==0

U=E= (G; Ḡ), (S61)

for some coefficients U=. To calculate the <th coefficient U<, we multiply both sides of Eq. (S61) by E<(G; Ḡ) and
take the average with respect to Π(G; Ḡ):

〈E<(G) 5 (G)〉Ḡ =
∞∑
==0

U=〈E<(G; Ḡ)E= (G; Ḡ)〉Ḡ = U<<!Ḡ<, (S62)

where we have used the orthogonality relation Eq. (S59). Thus U< is given by:

U< =
〈E<(G; Ḡ) 5 (G)〉Ḡ

<!Ḡ<
=

<∑
==0

(−1)<−=Ḡ−=
(<−=)!

〈(
G

=

)
5 (G)

〉
Ḡ

, (S63)

where we have plugged in the definition of E<(G; Ḡ) from Eq. (S55). For the kinds of functions we ordinarily
encounter in working with master equations, the coefficients U< rapidly decay with <, so in practice we can often
form an excellent approximation by just keeping the first few (= ≤ 5) terms in the expansion of Eq. (S61)9.

4.4 Recursion relationships
The polynomials satisfy the following recursion relationships, as can be easily verified from their definition in
Eq. (S55):

GE= (G; Ḡ) = =ḠE=−1(G; Ḡ) + (=+ Ḡ)E= (G; Ḡ) + E=+1(G; Ḡ),
E= (G +1; Ḡ) = =E=−1(G; Ḡ) + E= (G; Ḡ),
GE= (G−1; Ḡ) = ḠE= (G; Ḡ) + E=+1(G; Ḡ).

(S64)
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4.5 Expanding the product of polynomials
The final property that comes in useful in calculations is that the product of two polynomials E<(G; Ḡ) and E= (G; Ḡ)
can be itself expanded in a linear combination of polynomials in the following form:

E<(G; Ḡ)E= (G; Ḡ) =
=+<∑

:= |=−< |
E: (G; Ḡ)�<=: (Ḡ), (S65)

where the coefficients �<=
:
(Ḡ) are polynomials in Ḡ given by:

�<=: (Ḡ) =
b<+=−:2 c∑

2=max(0,=−:,<−:)
Γ<=:2 Ḡ

2 . (S66)

Here, the sum starts at the largest of the three values 0, =− : , and <− : , and bIc denotes the largest integer less or
equal to I. The quantity Γ<=

:2
is defined as:

Γ<=:2 ≡
<!=!

2!(2+ : −<)!(2+ : −=)!(< +=− : −22)! . (S67)

Thus for example if one had two functions 5 (G) and 6(G) with individual expansions,

5 (G) =
∞∑
==0

U=E= (G; Ḡ), 6(G)
∞∑
==0

V=E= (G; Ḡ), (S68)

then the product can be expanded as

5 (G)6(G) =
∞∑
==0

W=E= (G; Ḡ), (S69)

with coefficients given by

W= =

∞∑
:,ℓ

:+ℓ≥=
|:−ℓ | ≤=

U: Vℓ�
:ℓ
= (Ḡ). (S70)

5 Additional results for nonlinear cascades without feedback

5.1 # = 2 cascade with nonlinear production functions at both levels
One example we considered in the main text was the # = 2 cascade without feedback where the first level production
function '1(G0) = f11G0 is linear and the second level production function '2(G1) = f21G1+f22E2(G1; Ḡ1) is quadratic.
In the limit A = W1/W0 � 1 and d = f20/f10 � 1, where signaling is efficient (�WK . 1/4), we get main text Eq. (55)
for the difference � −�WK. This is minimized in main text Eq. (56), showing a small violation of the WK bound:
�min−�WK ≈ −(2Ḡ0A

2)−1.
Here we generalize these results to the case where both production functions are quadratic, so that '1(G0) =

f11G0 +f12E2(G0; Ḡ0). Following the same approach as described in the main text, we find that for A � 1 and d� 1:

� −�WK ≈
2

W0dA
f22 +

2Ḡ0

W2
0d

2
f2

22 +
4Ḡ0

W2
0A

2d
f12f22 +

2Ḡ0

W2
0A

4
f2

12. (S71)

If we keep the parameter f12 fixed, we can minimize � at the following value of f22:

f22 = −
d(AW0 +2Ḡ0f12)

2A2Ḡ0
. (S72)
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The resulting minimum error value �min, generalizing main text Eq. (56) by adding a second term proportional to
f12, is given by:

�min−�WK ≈ −
1

2Ḡ0A2 −
2f12

W0A3 . (S73)

If f12 > 0, we see that the violation of the WK bound can be made larger through the additional nonlinearity at the
first level. However the A3 in the denominator keeps the f12 term small relative to �WK ∼ 2/A when A � 1, so the
overall magnitude of the violation generally remains tiny.

5.2 # = 3 cascade with a nonlinear production function only at the first level
Main text Eq. (53) shows � for an # = 2 system where the first level production function can be nonlinear, but the
second level one is linear (f2= = 0 for = ≥ 2). Here we generalize this to a # = 3 system with a nonlinear first level,
but all higher levels linear (f2= = f3= = 0 for = ≥ 2). The result can be expressed as:

� = 1− ND , (S74)

where

N =
W1W2 (W1 +W2) W3 (W1 +W3) (W2 +W3)f2

11f
2
21f

2
31Ḡ0

(W0 +W1) 2 (W0 +W2) 2 (W0 +W3) 2 , (S75)

and

D = f2
31

[
f2

21

( ∞∑
==1

=!
(
(W1 +W2) (W1 +W3) (W2 +W3) + (W1 +W2 +W3) W2

0=
2 + (W1 +W2 +W3) 2W0=

)
f2

1=Ḡ
=
0

(W1 +W0=) (W2 +W0=) (W3 +W0=)

+ (W1 +W2 +W3)f10

)
+W1 (W1 +W2) (W1 +W3)f20

]
+W1W2 (W1 +W2) (W1 +W3) (W2 +W3)f30.

(S76)

Qualitatively the behavior of � is similar to the # = 1 (main text Eq. (29)) and # = 2 (main text Eq. (53)) cases when
only the first level is nonlinear: f1= for = ≥ 2 contribute to the denominator D only through positive terms, and
hence always serve to make � larger than �WK. Given this pattern for # = 1−3, it is likely that the result generalizes
to cascades of any length: nonlinearity only at the first level cannot beat the WK bound.
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